Avallable onlme at www.sciencedirect.com

JOURNAL OF

> ScienceDirect GEOMETRY o
PHYSICS

ELSEVIER Journal of Geometry and Physics 57 (2007) 1421-1433

www.elsevier.com/locate/jgp

Homogeneous geodesics in homogeneous Finsler spaces

Dariush Latifi*

Faculty of Mathematics and Computer Science, Amirkabir University of Technology, 424 Hafez Ave., 15914 Tehran, Iran

Received 24 September 2006; received in revised form 13 November 2006; accepted 25 November 2006
Available online 2 January 2007

Abstract

In this paper, we study homogeneous geodesics in homogeneous Finsler spaces. We first give a simple criterion that characterizes
geodesic vectors. We show that the geodesics on a Lie group, relative to a bi-invariant Finsler metric, are the cosets of the
one-parameter subgroups. The existence of infinitely many homogeneous geodesics on the compact semi-simple Lie group is
established. We introduce the notion of a naturally reductive homogeneous Finsler space. As a special case, we study homogeneous
geodesics in homogeneous Randers spaces. Finally, we study some curvature properties of homogeneous geodesics. In particular,
we prove that the S-curvature vanishes along the homogeneous geodesics.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

A connected Riemannian manifold (M, g) is said to be homogeneous if a connected group of isometries G acts
transitively on it. Such an M can be identified with (% g), where H is the isotropy group at a fixed point o of M. The
Lie algebra g of G admits a reductive decomposition g = m @ h, where m C g is a subspace of g isomorphic to the
tangent space 7, M and h is the Lie algebra of H [6]. In general, such a decomposition is not unique. A homogeneous
geodesic through the origino € M = fl is a geodesic y (¢) which is an orbit of a one-parameter subgroup of G, that
is

y(t) =exp(tZ)(0), te€R

where Z is a non-zero vector of g.
Homogeneous geodesics have important applications to mechanics. For example, the equation of motion of many
systems of classical mechanics reduces to the geodesic equation in an appropriate Riemannian manifold M.
Geodesics of left-invariant Riemannian metrics on Lie groups were studied by Arnold, extending Euler’s theory
of rigid-body motion [1]. A major part of Arnold’s paper is devoted to the study of homogeneous geodesics.
Homogeneous geodesics are called by Arnold “relative equilibriums”. The description of such relative equilibria
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is important for qualitative description of the behaviour of the corresponding mechanical system with symmetries.
There is a big literature in mechanics devoted to the investigation of relative equilibria. Studying the set of
homogeneous geodesics of a homogeneous Riemannian manifold (%, g), the concept of the geodesic vector proved
to be convenient [8]. A non-zero vector X € g is called a geodesic vector if the curve y () = exp(t Z) (o) is a geodesic

on (%, g). The following lemma can be found in [8].

Lemma 1.1. A vector X € g — {0} is a geodesic vector if and only if
([Xv Y]mv Xm>=0 VYEm,

where (, ) is the Ad(H)-invariant scalar product on m induced by the Riemannian scalar product on 7,M and the
subscript m indicates the projection into m. The study of the set of homogeneous geodesics of a homogeneous
Riemannian manifold is obviously reducible to the study of the set of its geodesic vectors.

A Finsler metric on a manifold is a family of Minkowski norms on tangent spaces. There are several notions of
curvature in Finsler geometry. The flag curvature K is an analogue of the sectional curvature in Riemannian geometry.
The Cartan torsion C is a primary quantity which characterizes Riemannian metrics among Finsler metrics. There is
another quantity which also characterizes Riemannian metrics among Finsler metrics, that is the so-called distortion
7. The horizontal derivative of 7 along geodesics is the so-called S-curvature S = t;kyk. While many works have
been done on the general geometric properties of Finsler geometry, such as connections, geodesics and curvature,
only very little attention has been paid to the group aspects of this interesting field. This may be mainly due to the
Myers—Steenrod theorem in Riemannian geometry not being successfully generalized to the Finslerian case for a
rather long period. A proof of this theorem for the Finslerian case was given in [13,3]. Namely they proved that the
group of isometries of a Finsler space is a Lie transformation group of the underlying manifold. This result opens a
door to using Lie group theory to study Finsler geometry [4,9].

The purpose of the present paper is to study homogeneous geodesics in homogeneous Finsler spaces. The definition
of homogeneous geodesics is similar to that in the Riemannian case.

2. Preliminaries
2.1. Finsler spaces

In this section, we recall briefly some known facts about Finsler spaces. For details, see [2].

Let M be a n-dimensional C* manifold and TM = |J,.,, Tx M the tangent bundle. If the continuous function
F : TM — R, satisfies the condition thatitis C®° on TM \ {0}; F(tu) = tF(u) forallt > 0andu € TM, i.e., F
is positively homogeneous of degree one; and for any tangent vector y € Ty M \ {0}, the following bilinear symmetric
form gy : TyM x T,M — R is positive definite:

2

19
&y (1, v) = 5o [F2(x, y + su + V)]0,
then we say that (M, F) is a Finsler manifold.

Let

1
gij(x,y) = <—F2) (x, ).
2 yiyl

By the homogeneity of F, we have

gy, v) = gij(x, u'v/,  F(x,y) =,/gij(x, )y yi.

Let y : [0,r] —> M be a piecewise C*° curve. Its integral length is defined as

LGy) = /0 Fr (1), 7(0)dr.
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For x¢, x; € M denote by I'(xg, x1) the set of all piecewise C* curves y : [0,r] —> M such that y(0) = x¢ and
y(r) = x1.Defineamapdr : M x M — [0, c0) by
dr(xg, x1) = inf  L(y).
y el (x,x1)
Of course we have dr(xg, x;) > 0, where the equality holds if and only if x9 = x1; dr(xg, x2) < dr(xp, x1) +
dr(x1, x2). In general, since F is only a positive homogeneous function, dr(xg, x1) # dr(x1, xo), and therefore
(M, dF) is only a non-reversible metric space.

Let 7*T M be the pull-back of the tangent bundle T M by 7 : TM \ {0} — M. Unlike the Levi-Civita connection
in Riemannian geometry, there is no unique natural connection in the Finsler case. Among these connections on
7*T M, we choose the Chern connection whose coefficients are denoted by FJ’: « (see [2, p. 38]). This connection is
almost g-compatible and has no torsion. Here g (x, y) = g;; (x, y)dx' ®dx/ = (%Fz)yi),jdxi ®dx/ is the Riemannian
metric on the pulled-back bundle 7*T M.

The Chern connection defines the covariant derivatjve Dy U of avector field U € x (M) in the direction V € T, M.
Since, in general, the Chern connection coefficients I k in natural coordinates have a directional dependence, we must
say explicitly that Dy U is defined with a fixed reference vector. In particular, let o : [0, r] —> M be a smooth curve
with velocity field T = T(¢) = 6 (¢). Suppose that U and W are vector fields defined along . We define D7 U with
reference vector W as

vt 9
DrU = [? +U'T (F}k)«r,W)] PPALOF

A curve o : [0,r] — M, with velocity T = ¢ is a Finslerian geodesic if

Dr [%] = (0, with reference vector 7.

We assume that all our geodesics o (¢) have been parameterized to have constant Finslerian speed. That is, the
length F(T) is constant. These geodesics are characterized by the equation

DrT = 0, with reference vector 7.

do’ 9

Since T = 3~ el this equation says that

d%o! n do/ dak(
dr? dr dt

If U, V and W are vector fields along a curve o, which has velocity T = ¢, we have the derivative rule

F]l:k)(o,T) = 0.

d
agW(U, V) =gw(DrU,V)+gw(U, D7V)

whenever DrU and D7V have reference vector W and one of the following conditions holds:

(1) U or V is proportional to W, or
(i) W =T and o is a geodesic.

2.2. Homogeneous Finsler spaces

Let (M, F) be a Finsler space, where F is positively homogeneous. As in the Riemannian case, we have two types
of definition of isometry on (M, F), in terms of Finsler function in the tangent space and the induced non-reversible
distance function on the base manifold M. The equivalence of these two definitions in the Finsler case is a result of
Deng and Hou [3]. They also prove that the group of isometries of a Finsler space is a Lie transformation group of the
underlying manifold which can be used to study homogeneous Finsler spaces.

Definition 2.1. A Finsler space (M, F) is called a homogeneous Finsler space if the group of isometries of (M, F),
I (M, F), acts transitively on M.

A Finsler manifold (M, F) is said to be forward geodesically complete if every geodesic y(¢), a < t < b,
parameterized to have constant Finslerian speed, can be extended to a geodesic defined ona <t < oo.
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Theorem 2.2 (/9]). Every homogeneous Finsler space is forward complete.

Theorem 2 3 ([4]). Let G be a Lie group, H be a closed subgroup of G. Suppose there exists an invariant Finsler
metric on H Then there exists an invariant Riemannian metric on g

Let M = % be a homogeneous space, where H is the isotropy subgroup at a point 0 € M. If the linear isotropy
representation A : H — GL(M,), h —> h,, is faithful, that is, injective, then G acts effectively on M. Let (M, F)
be a connected homogeneous Finsler manifold. If G is any connected transitive group of isometries of M and H is the
isotropy subgroup at a point, then M is naturally identified with the homogeneous manifold % The Finsler metric F
on M can be considered as a G-invariant Finsler metric on % By Theorem 2.3, there exists a G-invariant Riemannian
metric on Q . So the linear isotropy representation is faithful and G acts effectively on Q

A homogeneous space g is called reductive if there exists a vector space decomposmon g = m & h such that
Ad(H)m C m. In this case m @ h is called a reductive decomposition of g. It is well known [6,7] | that each Riemannian
homogeneous space is reductive. We now have the following.

Remark 2.4. Any homogeneous Finsler manifold M = H is a reductive homogeneous space.

3. Homogeneous geodesics in homogeneous Finsler spaces

Let (M = H, F) be a homogeneous Finsler space with a fixed origin p. Let g and h be the Lie algebra of G and
H respectively and let

g=moh

be a reductive decomposition of the Lie algebra g. From Remark 2.4, such a decomposition always exists.
For each X € g we obtain the corresponding fundamental vector field X* on M by means of

d
X, = 5 li=0(exptX)g) Vg € M.

The canonical projection 7 : G —> g induces an isomorphism between the subspace m and the tangent space 7, M.
Identifying g with 7,G we get dn(X) = X* for each X € g and hence d (X,,) =

Using this natural identification and the scalar product g X3 on T, M we obtain a scalar product gx,, on m.

A vector X € g — {0} will be called a geodesic vector if the curve y (1) = exp(t X)(p) is a constant speed geodesic
of (M, F). -

Let (M =
and Vanhecke

» §) be a Riemannian homogeneous space, and g = m & h be a reductive decomposition. Kowalski
| proved that X € g is a geodesic vector if and only if

G
H’
(8
g([X’ Y]m, Xm):() VYGm
In the Finslerian case we get the following theorem. We use some ideas from [8] in our proof.
Theorem 3.1. A vecior X € g — {0} is geodesic vector if and only if
ng (va [Xa Z]m) = O VZ € g

Proof. Let (M, F) be a Finsler space. For any vector fields 7', V, W on M, we have [2]

Tgw(V,W)=gw(DrV, W)+ gw(V, DrW) with reference W. (D)
Similarly,

Vew(T, W) =gw(DyT, W)+ gw(T, Dy W), 2

Wegw(V, W) =gw(DwV, W)+ gw(V, DyW). 3)

All covariant derivatives have W as reference vector.



D. Latifi / Journal of Geometry and Physics 57 (2007) 1421-1433 1425

Subtracting (2) from the summation of (1) and (3) we get
gw(V,Dwyr W)+ gwW —T,DyW) = Tgw(V, W) — Vgw(T, W) + Wgw(V, W)

where we have used the symmetry of the connection, i.e., Dy W — Dy V = [V, W]. Setting T = W — V in the above
equation, we obtain

28w (V. DwW) =2Wgw (V. W) = Vew (W, W) — 2gw ([W, V], W). “4)

Let X, Z € g be given and denote by X *and Z* the corresponding fundamental vector fields on M. From the above
equation we get

2gxx(Dx+X*, Z%) = 2X g+ (X*, Z%) — Z"gx+(X*, X*) + 2gx:([Z%, X*], X™). (5)
Recall also the formulas

Ad(exp(tX))Y =Y +1[X, Y]+ 0(%), X.Yeg, (6)

k-exp(tX) k™' =exp(tAd(k)X), keG. X eg. (7

Define for brevity g, = exp(tX), hy = exp(sZ). Using (7) and (6), we get first, for any x € M,

*

d d _
G0 = 30 hs80(0) = (g lo g hsgi(x)

d
= (dg)3-lo exp(sAd(g; ) Z)(x)

= (dg)[Ad(g; )71
= (dg,)[Ad(exp(—1 X)) Z]*
= (dg)IZ —1[X, Z] + 0 ()]

Similarly, we get
Xi o = dho)[X —s[Z, X]+ O]}
We shall also use the obvious relations

X*

o = deXE,  Zy o = (dh)Z].

Since g; is an isometry, dg; is a linear isometry between the spaces T, M and T, (, M, Vp € M. Therefore for any
vector fields V, W on M we have

8dg, (x1)(dg:(V),dg(W)) = gx+(V, W). (®)
Now, we calculate
d
X;’;gx*(X*, zZ%) = a|0 gx*(XZ,(x), Z;(x))
d
= 10 8xa(dgi (X)), (gl Z — 11X, Z] + 0(H1Y)
d
= S 10&xs (X, Z3 +10X", 27, + o@t?)

= gX*(X*, [X*7 Z*])(.X)

Further,

d
Zigx«(X*, X¥) = alo gx« (X} +5[Z*, X*]; + 0(s%), X} + 5[Z*, X*]; + 0(s?))
= 2gx+ (X", [Z7, X D ().
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Substituting into (5), we get on M
gx«(Dx+ X", Z%) = gx:(X*, [X*, Z"]) = —gxx(X™, [X, Z]). )
Now, suppose first that X is a geodesic vector, i.e. y () = exp(tX)(p) is a geodesic of F with Finslerian constant

speed. Then D X2 X;( p = 0, so in particular,

2x (X5, [X, Z1%) = 0.
Using the natural identification of m and 7}, M we obtain
8%, (Xm, [X, Zlm) = 0.
Letting Z be an arbitrary vector field on M, by (5) and (8) we have

28dg,(x*)(d81(Z), Dag,x+dg; X*) = 2(dg;X*)gag,(x*)(dg: Z,dg;X")
—dgi(Z)8ag,(x*)(dg: X", dgi X™) + 284, (x+)([dg: Z, dg; X*], dg,; X™)
= 2X"gx+(Z, X*) — Zgx+(X*, X*) + 2gx+([Z, X*], X*)
= ZgX*(Z, Dx*X*).

Consequently
8dg, (x)(d8(Z), Dyg,x+dgi X™) = gag,(x+)(dg:(Z), dg:(Dx+X")).
Since Z is arbitrary and gqg, (x*) (-, -) 18 an inner product, we have
Dyg, x+dgi X" = dg,(Dx»X"). (10)
On the other hand, suppose that g X3 (X ;‘,, [X, Z];) = 0. Then
(X" [X, ZI)exp(tX)(p) = gx: (g X}, dgilX, ZT})
= gx; (X, [X, Z]};) =0

*
ngt (p)

for any Z € g Then (9) yields that
gx+(Dx=X*, Z)(exp(tX)(p)) = gx+(dgi(Dx+X")p, dg:Z})
= gX*((Ddg,X*dth*)pa dth;)
= gX*(DXth(p)Xg,(p)» dthp) =0.

Then this yields that exp(t X)(p) is a geodesic with constant speed. [

Corollary 3.2. A vector X € g — {0} is a geodesic vector if and only if

8X,y Xm, [X,Y1ln) =0 forallY e m. (11
Proof. Since F is G-invariant, we have

FAd(h)yW)=F(W) Yhe H W em.
Therefore, Vy # 0, u,v e m,x € h, t,r,s € R, we have

F2(Ad(exp(tx)))(y + ru + sv) = F2(y + ru + sv).

By definition,

1 92
gy(u,v) = iﬁlﬂ(y + ru + 5V)|r=s=0-
Thus

2

1 9
gy (U, v) = =~ ——F*(Ad(exp(tx))(y + ru + sv))|,=s—o.
2 0rads
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Now for w € m, from (6) we have
Ad(exp(tx)w = w + 1[x, w] + O(1?).

Therefore

2

1 0
8y, v) = = ——F*(y +ru+sv+1[x, y + ru + sv] + 0(t*))|r=s=0.
2 0rads

Taking the derivative with respect to ¢ at t = 0, we get
0 =gy(lx, ul, v) + gy(u, [x, v]) + 2Cy([x, y], u, v), (12)
where C) is the Cartan tensor of F at y. It follows from the homogeneity of F that Cy(y, v, w) = 0. So we have
gy(lx, 1, y) =0.
Forany Z € g, where Z =Y + AwithY € m, A € h, we obtain
8%, [X, Zlm, Xm) = 8x,([X, Y, Xm) + &x,, (X, Alm, Xm).

Here, the second term is equal to gx,, ([ X, Al, X,;) = 0. Hence (11) implies that X is a geodesic vector. [

Corollary 3.3. If X € g — {0} is a geodesic vector then Ad(h)X and A X are geodesic vectors for all h € H, 1 € R.
Proof. It is evident from the fact that
gy, v) = gadmy(Ad(h)u, Ad(h)v) Yhe H. O

In the following theorem, we consider bi-invariant Finsler metrics on Lie groups. We show that the geodesics of
G starting at the identity element are the one-parameter subgroup of G. Let G be a connected Lie group. Deng and
Hou [4] prove that there exists a bi-invariant Finsler metric on G if and only if there exists a Minkowski norm F on g
such that

gy([x’ M]7 U) + gy(”» [-xs U]) + 2Cy([x7 y]ﬂ I/t, U) = O

Vy € g — {0}, x, u, v € g. So we have the following:

Theorem 3.4. Let G be a connected Lie group furnished with a bi-invariant Finsler metric F. Then each vector of g
is a geodesic vector.

Here we study the existence of homogeneous geodesics in homogeneous Finsler spaces. The problem of the
existence of homogeneous geodesics in homogeneous Finsler manifolds seems to be an interesting one. Concerning
the existence of homogeneous geodesics in a general homogeneous Riemannian manifold, we have, at first, a result
due to Kajzer who proved that a Lie group endowed with a left-invariant metric admits at least one homogeneous
geodesic [5]. More recently Kowalski and Szenthe extended this result to all homogeneous Riemannian manifolds [7].
Homogeneous geodesics of left-invariant Lagrangian on Lie groups were studied by Szenthe [14]. The following result
is due to Szenthe [14].

Theorem 3.5. Let G be a compact connected Lie group and L : TG —> R a left-invariant Lagrangian which is
a first integral of its Lagrangian field. Then L has at least one homogeneous geodesic. If, in particular, G is also
semi-simple and of rank > 2 then L has infinitely many homogeneous geodesics.

Let (M, F) be a Finsler space. For every smooth parameterized curve y : [0, 1] — M, the length of y is given
by

1
L(V)Zfo F(y (1), y()de. 13)
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A geodesic of the Finsler space (M, F) is an extremal curve of (13). This is in fact a solution of the Euler-Lagrange
equations

d (9F\ 9F _ . dx! (14
- =0, i=-—
dr ax!
where (xi (1)) is a local coordinate expression of y. This system is equivalent to
d?x!

d2+2Gl< d_X)zo )

dr

where

. 1 dgs dgs
G-’(y)=zg”(y)[ g,f(y) g,k(y)]

Let

d
G—yF—2G (x, y)—.

G is a vector field on T M — {0}. It is easy to see that x (¢) is a solution of (15) if and only if its lift x () = (x(¢), ‘é—’t‘ 1)
is an integral curve of G in TM — {0}. G is called the geodesic spray. The following lemma shows that any Finsler
metric F is a first integral of its geodesic spray.

Lemma 3.6 ([11]). For any Finsler metric F on a manifold, G(F) = 0.

So from Theorem 3.5 the following result follows:

Theorem 3.7. Let G be a compact connected Lie group and F a left-invariant Finsler metric. Then F has at least
one homogeneous geodesic. If, in particular, G is also semi-simple and of rank > 2 then F has infinitely many
homogeneous geodesics.

3.1. Naturally reductive homogeneous Finsler space

The scheme is to treat the geometry of coset manifolds % as a generalization of the geometry of Lie group G
(smce reduces to G when H = {e}). From this viewpoint, the isomorphism m=>~T7, ( ) generalizes the canonical

1somorph1sm g ~ T,G, and a G-invariant Riemannian metric on % G generalizes a left-invariant metric on G. The
notion of the bi-invariant Riemannian metric on G generalizes as follows

Definition 3.8. A Riemannian homogeneous space (%, g) is said to be naturally reductive if there exists a reductive
decomposition g = m + h of g satisfying the condition

(X, Y, Z) + (Y, [X, Z]u) =0 (16)
forall X, Y, Z e m.

where (, ) denotes the inner product on m induced by the metric g.
In fact, when H = {e}, and hence m = g, the above condition is just the condition

([X,Y],Z) +(Y,[X,Z]) =0, (17)
for a bi-invariant Riemannian metric on G. In [4] the authors introduced the notion of a Minkowski Lie algebra:

Definition 3.9. Let g be a real Lie algebra, F' be a Minkowski norm on g. Then {g, F} is called a Minkowski Lie
algebra if the following condition is satisfied:

8y([x, ul, v) + gy(u, [x, v]) + 2Cy([x, y], u,v) =0 (18)
where y € g— {0}, x,u,v e g
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The following was shown:
Theorem 3.10. Let G be a connected Lie group. Then there exists a bi-invariant Finsler metric on G if and only if
there exists a Minkowski norm F on g such that {g, F'} is a Minkowski Lie algebra.
It is easy to see that the notion of the Minkowski Lie algebra is the natural generalization of (17). Now we define the

notion of a naturally reductive homogeneous Finsler space.

Definition 3.11. A homogeneous manifold % with an invariant Finsler metric F is called naturally reductive if there
exists an Ad(H )-invariant decomposition g= h + m such that

gy([x, ulm, v) + gy, [x, v]y) +2C,([x, yln,u,v) =0
where y # 0, x,u, v € m.
Evidently this definition is the natural generalization of (16). On the other hand, when H = {e}, and hence m = g

this formula is just (18). The following theorem is a consequence of Theorem 3.1 and Definition 3.11.

Theorem 3.12. Let (%, F) be a naturally reductive homogeneous Finsler space. Then each geodesic of (%, F)isan
orbit of a one-parameter group of isometries {exp(1X)}, X € g

4. Homogeneous geodesics of Randers spaces
In this section, we consider homogeneous geodesics in a homogeneous Randers space. Randers metrics were
introduced by Randers in 1941 [10] in the context of general relativity. They are Finsler spaces built from

(i) a Riemannian metric @ = @;;dx’ ® dx/, and
(i) a 1-form b = b;dx’,

both living globally on the smooth n-dimensional manifold M. The Finsler function of a Randers metric has the simple
form F = o + §, where

alx,y) = Ja;yiyi, B, y)=bi(x)y.

Generic Randers metrics are only positively homogeneous. No Randers metric can satisfy absolute homogeneity
F(x,cy) = |c|F(x, y) unless b = 0, in which case it is Riemannian. Also, in order for F to be positive and strongly
convex on T M \ {0}, it is necessary and sufficient to have

1B = \/Bibi <1, whereb' =a'b;.

See [2]. Strong convexity means that the fundamental tensor g;; is positive definite. The Riemannian metric
a = ajjdx' ®dx’ induces the musical bijections between 1-forms and vector fields on M, namely b : T, M —> T M
given by y —> d,(y, o) and its inverse #f : TM —> T M. In the local coordinates we have

O =a;y (6% =376, yeT MO eTM.

Now the vector field corresponding to the 1-form b will be denoted by Eﬁ; obviously we have ||5|| = ||’bvII || and
Bx,y) = (B’ () =@, y).

Thus a Randers metric F with Riemannian metric @ = @; jdxi ® dx/ and 1-form b can be shown by

F(x,y) =va,(y.y)+a: (b, y) xeM,yeTM,
where @, (5%, b%) < 1,Vx € M.

Theorem 4.1. Let (M, F) be a homogeneous Randers space with F defined by the Riemannian metric d and the
vector field X. Then X is a geodesic vector of (M, a) if and only if X is a geodesic vector of (M, F).
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Proof. Let F(p, y) = m+5p(xv y).

Now fors,t € R

F2(y 4+ su+1v) = a(y + su +tv, y + su + tv) + a>(X, y + su + tv)
+2/a(y +su+rtv,y +su+r)a(X,y + su + rv).

By definition
2

1 0
gy(u,v) = Eﬁlﬂ()’ +ru + 5V)|r=5=0-

So by a direct computation we get
a(u,via(X,y) a(, yau,yaX,y)
Va(y,y) a(y, yWa(y,y)

alX,vya(u,y) daX,wav,y)
G VaGy
So for all Z € m we have
ex (X, [X, Zln) = d(X, [X, Zln) +a(X, X)a(X, [X, Z]n) + 2V a(X, X)a(X, [X, Z]n)
=aX,[X, Zln)( + VaX, X) + F(X)).
Thus gx (X, [X, Z]») = Oif and only if a(X, [X, Z],,) =0. O

gy(u,v) =d(u,v) +a(X,u)a(X,v)+

19)

Theorem 4.2. Let (M, F) be a homogeneous Randers space with F defined by the Riemannian metric a and the
vector field X. Let y € g be a vector for which a(X, [y, zlm) = O0forall z € m. Then y is a geodesic vector of (M, F)
if and only if y is a geodesic vector of (M, a).

Proof. According to the above formula for g, (u, v), we have

8y Oms [y, 2dm) = A(ym, [y, 2lm) +a(X, ym)a(X, [y, zlm)

a(}’m7 [y, zlm)a(X, Ym) |~ ~
+ + X1 k] m msy Jm
T a(X, [y, zlm)va(ym, ym)

o~ a(Xﬂ )’m) ~ ~ I~
= 0 1y ) (1 + m) AKX 1. 2 (O ) +VF s )

So we have

F(ym) )
\/a(yl’rh yl’f’l)
+a(X, [y, z2ln) F(ym)-

This concludes the proof. [

8y O [V, 2m) = aAQm, [y, 2]m) (

Let (M, F) be a Finsler space. Then (M, F) is called a Berwald space if the Chern connection coefficients Fl’j (x,y)
in natural coordinate systems have no dependence on the vector y, or in other words, if the Chern connection defines
a linear connection directly on the underlying manifold.

Theorem 4.3. Let (M, F) be a homogeneous Randers space with F defined by the Riemannian metric a =
ajjdx" ® dx’! and the vector field X which is of Berwald type. Then (M, F) is naturally reductive if and only if
the underlying Riemannian metric (M, @) is naturally reductive.

Proof. Let (M, @) be naturally reductive. We show that forall 0 # y, z, u, v € m
gy [z, ulm, v) + gy(u, [z, vIm) + 2Cy (2, ylm, u, v) = 0.
Since F is of Berwald type, (M, F) and (M, @) have the same connection. So according to the relation

F(ym)

—+~Xa ’ mFWI7
m) a(X, [y, zlm)F(ym)

8y O, [y, 2lm) = A, [y, 2lm) (
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for all 0 # y € m we have
aX,[y,zlm) =0 Vzem.
From (19) we get

¢y (2 s ©) = G(L2, s V) (1 PICp) ) Az 1l ) ( aX.v) _ aw yalX,y) >
a(y,y) Ja(y,y) a(y,y)a(y,y)

et 12, vl = 3, [2, V1) <] N ax,y) )_‘_5([& Vs y) ( aX,u) ~a(u,Y)a(X, y) )
va(y,y) Jaly,y) a(y,y)/ay,y)

By definition

1 d
Cy(z,u,v) = [ay+tv(Z u)]li=o0.

So by a direct computatlon we get

d(z,wa(X,vya(y,y) —a(y, vya(z, wa(X,y)

20G ) = TN 5
N a(X,uwa(z, vya(y,y) —a(y, vya(X, uwa(z, y)
ay, y)v/a(y,y)
N a(X,)aw, v)a(y,y) —a(y, v)a(X, z)a(u, z)
a(y, y)/a(y,y)
_a(x, yyau, y)a(z, v) +a(x, y)a(u, v)a(z, y) +ax, vyau, y)az, y)
ay, y)/a(y,y)
3a(y, vya(X, y)ya(u, y)a(z, y)
aly,y)’Ja(y.y) '
So we have

ax a ax
Cy (L2, Yl 1) = (12, Yo, ) ( a(X,v) aly,vaX,y) )

Vah,y)  aly, yvat,
a(X.u) X, y)a(u,w)
Valy,y) aly,nJay,y)’

+a(lz, yln, v) (

Therefore
gy([z, ulm, v) + gy (u, [z, VIm) + 2Cy [z, Y1, u, v) = @[z, ulm, v) +au, [z, viy)) (1+ aw—[(l)((y”y;)

X, ax
+ @z, ulm, ¥) + a0z, Ylm, 1)) (a( v a(, yaX,y) )

Ay, y)  ay, )Vao, y
a(X,u) a(X, y)ya(u,y) >
NN A

+ @[z, vlm, y) +a((z, yln, v))(
Thus

gy([z5 u]}'na U) + gy(ua [Za v]m) + ZCy([Z, )’]mv u, U) = 0

forally #0,u, v,z € m.
Conversely let (M, F) be naturally reductive, i.e. for all y # 0, u, v, z € m,

gy [z, ulm, v) + gy(u, [z, v]w) + 2Cy([z, y]m, u, v) = 0.
So
gy ([y, ulm, v) + gy(u, [y, vlm) = 0.
(M, F) and (M, @) have the same geodesics and for all 0 £ y € m, y is a geodesic vector, so for all y € m we have

ad(X,[y,z2lm) =0 Vzem.
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Therefore
gy([y’ u]m’ v) = a([y’ u]ma U) (1 + M) k)
a(y,y)
ax
gy, [y, vlm) = a(u, [y, vlm) (1 + M) )
ay,y)
So we have

gy (Ly, ulm, v) + gy(u, [y, vlm) = @0y, ulm, v) +au, [y, vim)) (1 + %) =0.

We easily see that (1 + %’%) # 0. Thus

a(ly, ulm, v) +a(u, [y, vlm) =0. O
5. Some curvature properties

The S-curvature is one of most important non-Riemannian quantities in Finsler geometry which vanishes for
Riemannian metrics. The S-curvature has been introduced in [12]. In this section, we discuss the relationship between
the homogeneous geodesics and S-curvature.

Let F be a Finsler metric on a manifold M. Let {e;}?_, be a basis for 7, M and {w;}!_, the dual basis for T, M.

Denote by diuy = o (x)w' A --- A @" the Busemann volume form at x, where
_ Vol(B")
~ Vol{(y!) € R, F(yle;) < 1}

o(x)
where B" denotes the unit ball in R” and Vol denotes the Euclidean measure on R". For each y € T, M — {0}, define

,/detgy(ei, €j)]

o(x)

T(x,y)=Ln |:

The scalar function 7 : TM \ {0} — R is called the distortion. To measure the rates of change of the distortion along
geodesics, we define

d
Sx,y) = I [z(c®), c(t)]i=0

where c(7) is the geodesic with ¢(0) = y.
The scalar function S : TM \ {0} —> R is called the S-curvature [11,12].

Theorem 5.1. Let X be a geodesic vector. Then S(X,,) = 0 for the Busemann volume form.

Proof. Let y () = exp(tX)(p) be the homogeneous geodesic corresponding to X. Define g; = exp(¢X); obviously
we have

¥ o = (dg)(XD).
Take an arbitrary basis {e;}!_, for T, M. We obtain a frame along y (¢),
ei(t) =(dgpe; i=1,...,n.
Let du denote the Busemann volume form of F. Put
duley = o (D' (1) A+ A 0" (1),
where {wi (1)} is the basis for T;(t)M which is dual to {e; (t)};?zl.

Vol(B™")

o(t) = . . .
Vol{(y") € R", F(y'ei(1)) < 1}
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Since g; is an isometry we have F (yiei ) =F (yiei) and by the relation (8) we know that
gy n(ei(t), ej(®)) = gy (ei,ej).

Thus
det [g7(1)(ei (1), e ()] = detlgy o) (eis e))]
(0D € R F('ei) < 1} ={0') € R, F('er) < 1).

This implies that

\/det[gy(,) (ei (1), e;(1))]
o(?)

is constant, so S(y (¢), y(t)) = 0. In particular, at r = 0, S(X;) =0. O

t(y(®),y@®) =Ln

Now like for Riemannian spaces we define the notion of the geodesic orbit (g.o.) space for Finsler spaces.

Definition 5.2. A homogeneous Finsler space (M, F) is said to be geodesic orbit (g.0.) space if every geodesic in M
is an orbit of a one-parameter group of isometries, i.e. there exists a transitive group G of isometries such that every
geodesic in M is of the form exp(rX)p with X € g, p € M.

Corollary 5.3. Let (M, F) be a g.o. Finsler space. Then the S-curvature S = 0 for the Busemann volume form.

Proof. Let 0 # X € T, M be an arbitrary vector. Let y be the geodesic with y (0) = X. Since (M, F) is a g.0. we can
write

y (1) = exp(tX)y (0).
According to Theorem 5.1, S(y(¢), y(¢#)) =0and so S(x, X) =0. O
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